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Abstract

Ideal point based preference learning using pair-
wise comparisons of type Do you prefer a or b?”
has emerged as a powerful tool for understanding
how we make preferences which plays a key role
in many areas. Existing preference learning ap-
proaches assume homogeneity and focus on learn-
ing preference on average over the population
or require a large number of queries per individ-
ual to localize individual preferences. However,
in practical scenarios with heterogeneous prefer-
ences and limited availability of responses, these
approaches are impractical. Therefore, we intro-
duce the problem of learning the distribution of
preferences over a population via pairwise com-
parisons using only one response per individual.
In this scenario, learning each individual’s prefer-
ence is impossible. Hence the question of interest
is: what can we learn about the distribution of
preferences over the population? Due to binary
answers from comparison queries, we focus on
learning the mass of the underlying distribution
in the regions (polytopes) created by the inter-
section of bisecting hyperplanes between queried
pairs of points. We investigate this fundamen-
tal question in both 1-D and higher dimensional
settings with noiseless response to comparison
queries. We show that the problem is identifiable
in 1-D setting and provide recovery guarantees.
We also show that the problem is not identifiable
for higher dimensional settings. We propose using
a regularized recovery for higher dimensional set-
tings and provide guarantees on the total variation
distance between the true mass in each of the re-
gions and the distribution learned via regularized
constrained optimization problem. We validate
our findings through simulations and experiments
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on real datasets. We also introduce a new dataset
for this task collected on a real crowdsourcing
platform.

1. Introduction

Learning user preferences via pairwise comparison queries
of type “Do you prefer item a or b?” (Figure 1(a)) is widely
used in various applications, such as political science, to
model voters’ political preferences and to predict their vot-
ing behavior, and in recommendation systems, to model
users’ preferences for products or services (Saaty & Vargas,
2012; Fichtner, 1986; Abildtrup et al., 2006; Hopkins &
Noel, 2022; Oishi et al., 2005). Let x € X C R< be the
known feature representation of concepts (items, objects, im-
ages, choices etc.). Preference learning based on ideal point
model (Coombs, 1950; Jamieson & Nowak, 2011; Ding,
2016; Singla et al., 2016; Xu & Davenport, 2020; Canal
et al.) assumes that there is an unknown ideal preference
point u € X that represents the reference point people use
for their preference judgements based on distances. When
presented a preference query, “Do you prefer a or b?”, de-
noted by Q(a,b), the answer y(, ) is 1 if the individual
prefers the item a over b and -1 otherwise. The ideal point
model assumes that y(, ;) = 1 if the individual’s preference
point w is closer to the representation of item a, x, than
item b, ;, (Figure 1(b)). That s, ||z, — ul|2 < ||zp — ul|2.
The goal of preference learning is to use the responses for
pairwise comparison queries from people and learn the pref-
erence point u. Once we learn u, we can predict the choices
people make between new unseen pairs. Many works on
preference learning have focused on universal model, where
the data from everyone is pooled in together to learn a single
preference point on average for the population (Green, 1975;
Johnson, 1971; Bhargava et al., 2016). However, different
individuals can have different preferences. While one can
focus on learning an individual’s preference separately, it
takes O(dlog(d/¢)) queries in R to learn an individual’s
preference point within an e-ball (Massimino & Davenport,
2021). This can be a prohibitively large number of queries
per individual due to cost, cognitive overload or privacy
concerns. Therefore, we introduce the problem of learning
the distribution of preferences over a population via pair-
wise comparisons using only one response per individual.
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Figure 1. (a) Example of pairwise comparison query. (b) Ideal
point model based response to a comparison query. The colorless
circles denote the known representation for items being compared
and the human denotes the unknown user preference point. (c) Ex-
ample of the regions formed by the bisecting hyperplanes between
pairs queried and mass of user preferences in different regions.

In this scenario, learning each individual’s preference is
impossible. In many applications, learning the distribution
of user preferences (Figure 1(c)) can be useful for many
downstream tasks. E.g., if an ice cream company wants to
come up with new flavors, knowing which regions of flavor
profiles have more mass is beneficial in the discovery of
new ice cream flavors. The learned distribution can thus
be helpful in various tasks ranging from finding the more
preferred items for cold-start in recommendation, testing
difference between preferences of different populations to
using the prior to efficiently learn new user preferences. We
focus on learning the mass of the underlying distribution
in the regions (polytopes) defined by the intersection of the
bisecting hyperplanes pairs of items (see Figure 1(c)). If
we could have queried O(dlog d), we can localize the user
preference point to one of the regions. So, if we sample a
large number of individuals from the population and if we
can query each of them with a sufficiently large number of
queries, we can build a histogram of the underlying distri-
bution in these regions. However, querying large number
of comparison pairs per individual can be prohibitive due
to privacy issues, limited interaction of individual with the
platform, cognitive overload and cost.

Goal: Develop fundamental understanding on what we
can learn about the distribution of user preferences with
only one comparison query per individual.

Our contribution: We introduce the novel problem of learn-
ing the distribution of user preferences over the population
via pairwise comparison queries with only one response per
individual and investigate the fundamental questions of iden-
tifiability and recovery guarantees leading to the following
contributions:

* We show that the problem is identifiable in 1D setting and
is not identifiable in higher dimensional setting.

* For the 1D setting, we provide recovery guarantees for
the mass in the regions defined by the intersection of
hyperplanes at the mid-point of pairs of items used for
queries.

* For the higher dimensional setting, we propose to use

regularized recovery and provide guarantees on the total
variation distance between the true mass in each of the
regions and the estimated mass in terms of the regulariza-
tion parameter and the interplay between the true mass
and regularization.

* We provide experiments on synthetic datasets and real
datasets that validate our results and observations. We
also introduce a new dataset for this task collected on a
real crowdsourcing platform '.

In addition to the above contributions, our work leads to
several interesting open questions regarding learning from
diverse populations in preference learning.

2. Problem Setup

Let z € X C R? denote known feature representation of
items2. Under the ideal point model (Coombs, 1950), each
individual preference is also modeled as an unknown point
in the same space. Let P* denote the unknown underlying
distribution of user preferences. Each individual [ has an
unknown preference u; € R%. We assume that u; i
P*. Let T denote the set of pairs of items (i, j) that are
queried. We consider pairwise comparison queries of the
form “do you prefer item ¢ or item 57”. We assume that
the answer to the pairwise query (¢, 7) from an individual
Lis gl = 1if [Ja; — wllz < [|z; — w2 and ) =
—1 otherwise. Note that each pair of items (Z,7) in T
creates a hyperplane perpendicular at the midpoint joining
the two items. We will slightly abuse the notation and
use 7 to denote the set of hyperplanes as well as there
is an one-to-one correspondence between each pair and
the respective hyperplane. Let h;; denote the hyperplane
perpendicular to the midpoint of the pairs (¢, j) with i < j.
The intersection of these hyperplanes carve out regions in
RY that are polytopes. Let H(7") denote the set of partitions
of R that is created by the set of all hyperplanes in 7. Note
that for | 7| hyperplanes in RY, |H(T)| = O(|T|%) (Buck,
1943). For each pair of items (7,j) € T, let ¢j; denote
the mass of P* on the side of x; of the hyperplane h;; and
q;; = 1 — qj; is the mass to the other side of h;;. Let

g* € RAIH(TI denote the vector that stacks g;;’s for the
ordered pairs (i,5) € T, followed by the corresponding
gji’s. We note g* is the conditional distribution of user
preferences on either side of the hyperplanes in 7 and can
be written as a linear combination of the mass Py, ™) in the
regions via the following linear system of equations,

M pfiry =9, 1

!Codes for our methods and synthetic datasets are available
in the supplementary material. We will make the anonymized
crowdsourced dataset available to the public upon publication.

“This is a reasonable assumption, especially with the availabil-
ity of large pre-trained foundation models.
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where M is a 2|H(T)| x O(|T|¢) binary matrix where in
each row, the 1’s indicate the regions that contribute to the
side of the hyperplane. Each column of M corresponds
to a region (polytope) created by the intersection of the
hyperplanes. For each pair (i,7) € T, we can estimate
the mass on either side of the hyperplane h;; by querying
a random sample of people. Given these estimates, the
question of interest is: can we estimate p*H(T ) the mass in
the regions of intersections of hyperplanes in 7 induced by
the underlying distribution of preferences P*?

Note that p*H(T) identifiable if it is the unique probability
vector of size |#(7)] that gives rise to q*. So, Py,
is not identifiable if there exist a p # p,*_|(T) such that
Mp = Mpy, (T)"
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Figure 2. (a) Example of regions (polytopes) formed by intersec-
tion of three hyperplanes. (b) The corresponding matrix M. (c)
The corresponding graph where the regions are the nodes.
Figure 2 shows an example of partition of R? with 3 hy-
perplanes hq 2, h3 4 and hs ¢. With the enumeration of the
regions shown in the figure, we can construct the binary ma-
trix M, where the first 3 rows represent regions correspond-
ing to hy o towards the side of item 1, h3 4 towards the side
of item 3 and h5 ¢ towards the side of item 5 respectively.
Similarly, the last 3 rows represent regions corresponding to
the other side of each of the hyperplanes. We also note that
each column gives positions of the corresponding region p;
in terms of hyperplanes A 2, h3 4 and hs 6.

3. One Dimensional Setting
We first study the problem in the 1D setting and provide
results on identifiability and recovery guarantees.

Identifiability: In 1D setting, |7 | pairs creates | 7| + 1 inter-
vals. Measuring the fraction of mass on either side of each
of the hyperplanes in 7 is equivalent to measuring the cumu-
lative distribution function (CDF) of the distribution pj, 1)
The linear system of equations (1) has | 7|+ 1 unknowns and
|7| 4+ 1 equations. Corresponding binary matrix M can be
written as a concatenation of two triangular matrices where
one is a lower triangular and the other is an upper triangular
matrix. E.g., 2 pairs create 3 regions and the corresponding
matrix M =[1, 0, 0; 1,1, 0; 0, 1, 1; 0, 0, 1]. Any such
M is full column rank by construction. Therefore, the linear
system of equations * = M p has a unique solution in
terms of the true q*, given by Py ) = (MTM) *MTqg*.

This is summarized in the following proposition.

Proposition 1. (Identifiability in 1D) In 1D setting, the mass
Py, ™) in the regions of intersection of hyperplanes in 7
induced by the underlying distribution of preferences can be
uniquely determined by only measuring the fraction of the
population on either side of each of the hyperplanes in 7.

Recovery Guarantees: As we do not have access to true
q*z we have to learn p*H(T) fr.orn q estimated by .qu.ery%ng
pairs in 7. We use the following constrained optimization
problem:

. . 1 N
PH(T) :=argming ¢ 3>p_ §|\Mp —qlf3.

The objective function is strongly convex and therefore
the above optimization problem is guaranteed to have a
unique solution. We provide recovery guarantees for the 1D
noiseless setting below:

Theorem 3.1. (Recovery in 1D) With probability at least
1—0, the total variation distance between p|*_|(T) and the
recovered mass f)H(T y is bounded as follows,

TV Py PHE) <
N (rﬁ " 510 30 ?
1 1 5
5 1+m COVld(M,l) max ;, % 5
where cond(M, 1) is the condition number of M with re-
spect to ly-norm, and n is the total number of users queried.

As the total number of users increases, total variation dis-
tance b.etweef:n p*H(T) anq PH(T) goes to 0. Proof details
are available in the appendix.

4. Higher Dimensional Settings

In this section, we discuss the identifiability results and
recovery guarantees for R? with d > 2. The details of the
proofs are deferred to appendix due to space limitations.

Identifiability: Assuming items and users are supported
on R?, with d > 2, we note that the number of regions
|H(T)| created by the hyperplanes in T is of O(|T|%). So,
the linear system of equations (1) has order of magnitude
more unknowns than the number of equations. We show the
following with regards to identifiability.

Proposition 2. For d > 2, the binary matrix M which of size
2|T| x O(|T|%) has rank(M) = |T| + 1 and the solution
to the linear system of equations (1) is not unique and hence
p,*_|(T ) is not identifiable.

Sparsity: From Proposition 2, for d > 2, we cannot hope to
recover Py, ™) in general. However, M is a fat matrix and a
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natural question that arises is Whap@(T) is sparse? That Bounds on the mass in the regions:Given the non-
is,ifonlyk O (jT %) entries Ofp?H(T) are non-zero. We identi ability of p.'-’H Ty in higher dimensions, we cannot
note that, sinceankM ) = jTj+1, foranyk > jTj+1 hope to recover it from binary answers to pairwise com-
there exists at least another solution to the equatign parison queries. Here, we show that we can obtain lower

This follows from noting that the conditional distribution of @nd upper bounds for each entry pf, -, from the es-

preferences on either side of each of the hyperplanes can finated@ without requiring any additional assumptions.

fact be re-written as convex combination of a set of vectors'0 State these bounds, we need some notationsMLet

in RITI*! corresponding to the columns bf, and then  Dbe thei-th row of M (corresponding to the th hyper-

using the Caratodory theorem which guarantees that therePlane) and lega; ; by) denote the pair queried corresponding

always exists a solution with exactly expressed in terms of0 this row. Let@, 1, denote the estimated mass on the

jTj+1 columns (see appendix for a detailed discussion ofide ofa; of thei-th hyperplane. LeK; denote the posi-

this). tion of rows ofM whosej -th column entry isl. Q‘O =
[Mini2k , Qa;b s i iMiNiak;  Qabs 0; MiNiak ., Qaib s

Exploiting sparsity as a side information in signal recon- : : min;jox w(m); Qaib I

struction (underlying distribution here) stands for one of the

fundamental approaches for a couple of decades in corfiYoposition4. With probability atleast.  , each entry of

pressed sensing (Candes & Wakin, 2008; Baraniuk, 200R+ (1) can be bounded below and above as follows:

Elad, 2010). Results from this literature, in particular, from

Theorem 2.13 in (Foucart & Rauhut, 2013), any k-sparse

solution of an underdetermined linear system of equations . _ _ 5

is unique if and only if every set of 2k columns of measure/Max 0;MaxQan M Qb (M ja+1) Pr(T),

ment matrix is linearly independent. Given the structure of J : + -

our matrixM in equation (1), we show the following. EK”,] Qain +

Proposition3. For the problem setting in (1), we can always

_ where = | 199@ITI=) andn, is the number of people
nd linearly dependent k columns dfl aslong ak 4. Mo

answering each pairwise query.
As a result, we note even with large sparsitykof 4,
unigueness cannot be guaranteed forkadparse distri- Graph Regularization: In the face of non-identi ability,
butions. For example, consider the partition in the Fig-additional structural assumptions are needed for learning
ure 2(a). We suppose that the solution is 4-sparsearwd the mass in the regions, i.e., polytoppﬁ,(”. We note that
[0:3; O; O; O; 0:4; 0:1; 0:2]" . Therefore, we havslp * = while p}, ) is aO(jT j9)-dimensional probability vector,
q, whereq = [0:4; 0:5; 0; 0:6; 0:5; 1]". However, the entries correspond to mass in regions that have a geom-
g = Mp holds also fop =[0:2; 0; 0; 0; 0:3; 0:2; 0:3]"  etry in the spac&X  RY (recall Figure 2(a)) that gives
Additionally, we make the following remark based on the a notion of near-by and far-away regions. We construct a
fact thatM is a column-regular matrix, i.e. each column of connected undirected graph with the polytopes as the nodes
M has exactly the same number of 1's. and two nodes are connected by an edge if they share a
(d 1)-dimensional face between them (see Figure 2(c)).
Remark4.1 Robust_NuII Space Property (RNSP_) has beenye propose using a graph regularizer (normalized by vol-
proposed as a suf cient condition for basis pursuit approachme to account for differences in the sizes of the regions)
(a popular recovery algorithm in compressed sensing litg, recoverp; 1. Intuitively, this means that we expect
erature) (Foucart & Rauhut, 2013; Foucart, 2014). Repreferences to accumulate in spatially nearby regions (Fig-
cently, Lot et al. (Lot & Vidyasagar, 2020) proposed e 1(c)). Several works in signal recovery have used graph
suf cient conditions for a column-regular binary matrix to yeqy|arization to exploit local invariance in data as a side
achieve RNSP, which are the best suf cient conditions forintormation and nd a locally invariant representation of the
column-regular binary matrices to the best of our knowl-ya¢4 (Belkin & Niyogi, 2001; Cai et al., 2011; Hadsell et al.,
edge. According to Theorem 9 in (Lot & Vidyasagar, 2006).
2020), a column-regular binary matrix satis es RNSP when
k< d_=, whered, is the number of 1's in each column We note that this proposed graph structure can be con-
and is the maximum inner product among columns. Ourstructed using the matrid . Recall that the rows o
binary matrixM is column-regular binary matrix witfT j  correspond to hyperplanes and the columns correspond to
1's in each column. Since there are neighboring regions, i.ethe regions (polytopes) iH (T ) providing a binary encod-
regions that has only one different coordinate, maximuming for them by construction. That is, each entry of a given
inner product among columnsjigj 1. Therefore, RNSP  column ofM determines which side of a hyperplane the
is achieved whek = 1. corresponding region is located on. Therefore, there exists
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an edge between nodes corresponding to the regions thednclude that orthogonal eigenvectors of nonzero eigenval-
has only two different entries in their hyperplane coordi-ues force the potential solution to be close to the distribution
nates, i.e., only if one pairwise comparison yields opposite™ by diminishing possible directions other thanwhere™
results. Accordingly, neighboring regions have commonis the normalized .
(d 1)-dimensional faces in between.

We provide the following recovery guarantee using the solu-
We de ne the weight matrixV for the graph regularization tion to the proposed regularized optimization problem.
as

Theorem 4.2. The convex optimization problem in (6) has

1 . . . -
Wi = kM:i Mok ™, (2) @unique solution. Furthermore, with probability at least
: i ' 1 , thetotal variation distance betweqarﬁ,m and the
recovered masBy (1) is bounded as follows,

where =[ 1; 2;::5; ju(r);]" represent volumes of re-
gions with corresponding mags= [p1;P2; 1P (1)ilT  Typ? - P VKR oKL ko kn? —k. +
respectively. r(pH(T)'pH(T)) 5 JH(T)] 2kL ko kp )

r__r _
jH(T)jiT | 40 25log (3=
Each entry oV is the weighted inverse of the Hamming ka % kM k, max  —; 25l0g(%) ;

distance between corresponding nodaadj , whereM - 2 n n

is thei-th column of the matrisM . Furthermore, since the \where n is the total number of users.

regions inH (T) are not equal in sizes, we normalize with

the volumes of the regions. The maximum singular value &f and the minimum sin-
gular value ofR play an important role on determining

One can similarly construct different weight matrices forthe rst component of the bound. On the other hand, the

regularization as long as the entries are inversely propokecond component tends towards 0, as the number of users
tional to the distances between nodes. Heat kernel weightinghcreases.

(Belkin & Niyogi, 2001), 0-1 weighting (Cai et al., 2011)

are some of the widely used ones in the literature. We

useW de ned above and form following graph Laplacian 5. Experimental Results

regularizer: We evaluate the proposed approaches for both simulated
and real datasets. We quantify the total variation distance

1 TR i o . (TV) and Wasserstein distance betwefy1, and the re-
2 B L Wij =p Dp P Wp () (4 ered mass in partitiort$(T). For 1D setting, we use
= Wasserstein-1 distance and for higher dimensional settings,
=1 p'Lp; (4)  we use the graph Wasserstein distance with normalized cost
_ Py B o matrix is written as follows,
whereD;; = iz Wi, Dij = 0 wheni 6 j and ,
L =D W. Using this regularizer, we propose following ~ Wa(P{; (r); PH(T)) =
optimization problem for recoveringy, )" IHT )i AT
1 ming 0iKL=pf (1) KT1=pu(r) ' Kij Cij 5
Pr(r):=argmin, o> p=y 5IiMP ajj3 + EDT Lp (5) =oIE
_ 1. " whereC;; is the ratio of distance between nodesnd;j
=argmin, g- p= SIRP bjj3; (6)  to the maximum length on the graph induced by malttix

Note that the total variation distance does not differentiate
whereRTR = MTM + L by Cholesky decomposition between whether mass is moved between neighbor regions
andb=R TMTq. or any far away region. Whereas Wasserstein distances take

into account the geometry and hence distinguish between
The regularizer in equatiof@) encourages the changes in these scenarios.

nearby regions to be smooth, which is similar to the local

invariance property considered in (Belkin & Niyogi, 2001; For simulations, we consider the following four distribu-
Cai et al., 2011; Hadsell et al., 2006). Weighted Laplaciartions as true user distributions: uniform, Gaussian, a mix-
regularizerL imposes a penalty op in such a way that ture of two Gaussians, and a mixture of three Gaussians.
potential values correlated with eigenvectord ofire di- We also consider two types of noises. Bgrnoulli(pip )
minished. Therefore, eigenvectors corresponding to largethat ips a simulated user's answer with probability, .
eigenvalues cause more penalty. Note that the eigenvectofls) ipping the answer of usen for pairx 5; X, with prob-

of L are mutually orthogonal by spectral theorem. So, weability ﬁ wherec is a scaling factor andg =
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abs(dist(x4;u) dist(xp;u)). We samplen =5 items  on the masses in the regions (polytopes) formed by the in-
uniformly at random fronj 1;1]® and subsample, hy-  tersecting hyperplanes corresponding to the queried pairs.
perplanes repeating 10 times from all possible hyperplane®ve proposed using graph regularization for recovery of the
Similarly, for each set of pairwise comparisons correspondmasses in these regions and provide bound on the total varia-
ing to the hyperplanes, we sample users from the underlyion distance between the true distribution and the estimated
ing distribution repeating 10 times. Then, we use CVXPYdistribution. We validate these fundamental results on ex-
to solve optimization problems and run all simulations ontensive numerical simulations. Furthermore, we show the
Python 3.9. ef cacy of the proposed methods on real datasets. As a
byproduct of this work, we introduce two new datasets for
learning distribution of user preferences. In the future, we
6. Related Works would like to mathematically characterize how large the
We brie y review related work, deferring a more detailed set of underlying preference distribution that lead to the
discussion to the Appendix. Preference learning based o§ame answers to pairwise queries in terms of the TV and
ideal point model (Coombs, 1950; Jamieson & Nowakjyyasserstein distances. We would also like to further explore
2011; Ding, 2016; Singla et al., 2016; Xu & Davenport,what other structures on the underlying distributions make
2020; Massimino & Davenport, 2021; Canal et al.) hasit amenable to overcome non-identi ability and develop
been studied by several works. A key limitation of theserecovery guarantees under the graph Wasserstein distance

works is that they either focus on learning an individual prefwhich takes into account the geometry of the feature space.
erence by making many queries per individual or assume

homogeneity and learn a single preference point using data

from all the users. A recent work by Tatli et al. (Tatli et al., References

2022) introduced the problem of learning distribution of i i
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A. Limitations

We study the novel problem &farning populations of preferences via pairwise comparison quevien we are limited to

making one query per individual. We show that the problem is identi able in 1D setting and provide recovery guarantees.
Further, we show that the problem is not identi able in dimensidns 2. Linear system of equations in (1) is underde-
termined in dimensiond 2. So, we cannot recovepur?H ) in dimensionsd 2. Therefore, we propose using graph
regularization for recovery of massesHI{T ) and provide recovery guarantees. Our recovery guarantees are limited to
the noiseless setting. For noisy settings, we show simulation results that are promising. Furthermore, the suitability of the
regularizer depends on the property of underlying distribution of preferences. We have explored one such regularization
technique in this work. Theoretical analysis of noisy setting and other regularizers suited for different properties would be
interesting to study in the future.

In this work, we focus on the case where we can only make one comparison query per individual. On the other end, if
we can make&y(d) queries per individual, we can estimate individual preferences. We expect there is a trade-off between

these two regimes, that is, single query per individual to enough queries to learn individual preference points, in terms of
information gain regarding the underlying distribution of preferences, which is left to future work for further investigation.

B. Proofs

B.1. Proof of Theorem 3.1

We recall thapy, (1 is the solution to the constrained least square optimization problem with unit simplex constraint in
Section 3. Then, we note thit py (1) is the projection oy onto the closed convex s€f; under ; distance, which we

call Prog, , (), where

Cv = conMMey;:::;Meny):
Therefore, we can write

iPury Pumiz = jiMY(q® Projc,, (8))ii2
i MYjiziiq”  Proje,, (8)ji2
@
i MYjizjia”  qjjz
i MYiizia®  Qjix; (7

where the inequalitya) is due the fact that the projection onto closed convex sets is contracting (Thm. 1.2.2.(Schneider,
2013)). Then, we note th&TV(p{, 1y:PH(t)) = liPy¢ry Pr(m)iis, and usd;s 12 norm inequality to obtain the
following from (7),

.. e p T 4 e e

Py Pumin ITi+liipyry Pumli
iTi+1iiMYjizji¢  dli2
2Ti(Ti+DiiMYjjji@¢  a®jis

p %COHC{M ,1) 2.
= 2Ti(Tj+1) ——————= ’ .
iTi(Tj+1) M g a’jia

Note that the ternj§  g°jj1 is the sum of;- distances between the empirical and the true conditional distributions of
pairwise comparisons for set of pairs of itemsTin We then note thgiM jj; = jTj and use the bound on thgnorm
between empirical distribution and the true distribution for discrete distributions on nite support from following Lemma to
complete the proof.

Lemma B.1. (Lemma 3 in (Devroye, 1983)) Let2 R* be the probabilities corresponding to a multinomial random vector
with support sizg. Let¢ denote the empirical estimate of these probability values fioim.d. samples drawn from.
Then, for all" 20z=N,

Pr(jie  vin>") 3e M
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B.2. Proof of Proposition 2
We rst note that we can write following

g = M., j=21;::5H(T)j: (8)
i2K j

Then, considering the structure of matkik, we note that

0 1
r 4 K Wi
iMi:= (i M+ @ rieiA L
i=1 i=1 i=1
ijTj PjTj = hol | h — f Ni=1::::" T
:3 o (i iTi+i )M + i1 Tj+i 1 = 0 holds only when ; jrj+i = 0 foralli = 1;:::;jTj and
{szl iTi+i =0, we can claim that andM ;;.'s fori = 1;:::;jT j are linearly independent. Therefore, we suppose that
0 1
g X g
iMj;. = (i ii+i)Mi: + @ jTj+iAl:O:
i=1 i=1 i=1

Now, we takgT j-th power of the left-hand side with respect to Hadamard product and write it as follows:
0 4 17
@ iMi A =0 9)

i=1
Considering results of all products in given expression, we can write following Lemma.

Lemma B.2. Given the binary matriM 2 f 0; 1g34TiiH  (T)J jn (1) and real coef cients ;'s, we can write following
1 0 1.
0 57} T g 0 « T
@ M A = @ A g
i=1 j=1 Q2K

whereK; is the position of rows dfi whosg -th entry is 1 ancg; 's are standard basis vectors.

Lemma B.3. Given the binary matrié in Section 2, forany jTj ,we can ndtwo column$l .;, andM ., such that
onlyj -th and (T j+j)-th entries ofM .;;, andM .;, differ.

Proof. Each hyperplane has to form neighboring regions by construction. Therefore, there exists two ddlymmasd

M ., such that only -th and {T j+j)-th entries differ. To understand it better, we can consider a scenario where we delete

j -th row of the matrixM and callM ! to this new matrixM ! has to have a pair of same columns. Otherwise, we would
conclude thaj -th hyperplane does not form new regions, which is not possible by construction, when we consider adding
one hyperplane at a time to end up with nal partition. We can also refer to the fact that each hyperplane has to divide at
least one previous region into two, when that speci ¢ hyperplane is added.

Then, from Lemma B.2, (9) yields that
0 g

which happens only if



Learning Populations of Preferences via Pairwise Comparison Queries

since standard basis vectors are linearly independent. From Lemma B.3, it follows that we can nd two rjyrabeijs

X X
i = i =0;
i2Kjl iZsz
wherej 2 K;,jTj+ ] 2 Kj, andKj,nfjg = K;,nfiTj + jg. Therefore, we conclude that = jr;,; for all

j =1;:::;H(T)j. Now, (9) implies T} r;,; =0, which con rms the claim that rar(h1 ) = jTj+1.

For the nonuniquness of the solution to the linear system of equdfinse refer to the discussion below(Section B.3),
where we argue that the solution is not unique even for sparse cases, and complete the proof of Proposition 2.

B.3. Sparsity

We rst recall that half of the rows amongT j rows of M re ect the mass on the other side of each hyperplane. Basically,
adding a row of all ones makes half of the rows redundant, since the rows representing the mass on the other side of each
hyperplane are just ipped versions of rows representing the mass on the rst sid®] j.gy,j.. = 1T M;... We call

M pa to the simpli ed version oM . Then, we note thaankM na) = rankKM ) = jT j + 1 from Proposition 2. Therefore,

we cannot make further simpli cations dvi to get redundant rows.

Now, we consider the simpli ed versioM 5 and recall that any solutiqm?H ) o the problem setting in (1) has to be in
the probability simplex. Therefore, all possilfjg,s vectors belong to the convex hull of columns of matvlx,a, which we

call conMM na). Then, we apply Caraétodory's Theorem and write following expressidach element icony M par)

can be written as a convex combination of at njdgt+ 1 columns oM 1,5s. We can easily observe that the same property
also applies to corfiv ) andq, as they share a one-to-one correspondenceMith and@a, respectively.

B.4. Proof of Proposition 3

Given any two neighboring regions in the partitidi{T ), we suppose thadl .;, andM i, are corresponding columns

to those regions, where onjyth hyperplane differ in between. We observe that it is possible to nd another pair of
columns, satisfying the same condition, separated solely bjy-thdyperplane as long as there exists another hyperplane

that intersects witlp-th hyperplane. Therefore, we can nd linearly dependent 4 columns except the trivial case when all
hyperplanes are parallel to each other. The problem setting boils down to the 1D setting, when all hyperplanes are parallel.
The binary measurement matik becomes full rank and we can uniquely recover underlying distribution of regions in the
partitionH (T ) separated by parallel hyperplanes.

B.5. Proof of Proposition 4
Recall thatM ;.. and(a;; by) are the row and the pair corresponding -t hyperplaneq; 1, denotes the true mass on the
side ofa; of thei-th hyperplane an¥; is the position of rows oM whosegj -th column entry isl. q; b haspﬁ1 () ,j-th

M j

entry ofp?H (Ty»asa nonnegative summand whehK ;. Therefore, we can write following:

Phry N2 1 =L (D (10

Using those upper bounds and nonnegativity of entries of mistrixve can write following set of inequalities:

. » 3
MiNi2k , dg,

minmgJ TN
M Ph(m), q’; j =150 H(T) (11)
mini2K1+1 q;bl

; 2
mln.zle qa| b

I }

QJ
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minimumq? ,, 's over different sets ang, ™), - We also de ner0 as the vector that jth entry @/ is replaced with 0.
(] j
Note that each inequality in (11) can be rewritten as follows

ME.Ql a2 k=1;:T)
We can also write an alternative expression by using standard basis vectogg'si.e.,
p?H(T)j Mg Oan ME.Qb k=1;0T)
which provides us following bound
Ph(r), Mmaxfmaxds, M T.Qbhi0g; j =1;::jH(T): (12)
Combining (10) and (12), we obtain following expression

? TNl ? i ? .
irgKaquai b M i; :QO pH (T )i Ir2nKIrJ] qai b - (13)

Below we expand on estimation errors to reple@iebi 's with corresponding estimates. For am&ibi , We can say that
s
log (2= 9

o, (14)

an\ b q;. bi J
holds with probability at least  ° by Hoeffding's Inequality. Therefore, we want to bound the probability that
s

log (2= 9

iab  dan] on,

holds at least for ong whereny, is the number of people answering each pairwise query. Therefore, we want to bound

0 8 s 91 08 s 91
@ e alei OEVA K e@je g 0ED (15)
- n i : 2n;
T ¢ (16)
where (15) is from union bound and (16) is due to (14). Pickirg2jT j °, we conclude that
s
jab A2 bl m(:jrlj:); 8i;
holds with probability at least . Inserting it to the result in 13, we complete the proof of Proposition 4.

B.6. Graph Regularization

In this section, we discuss about the graph structure and the graph regularization that we proposed using in Section 4.
We note that proposed graph structure can be constructed using the MhatRecall that the rows d¥1 correspond to
hyperplanes and the columns correspond to the regions (polytopEg)Tih providing a binary encoding for them by
construction. That is, each entry of a given columivbfdetermines which side of a hyperplane the corresponding region is
located on. Therefore, there exists an edge between nodes corresponding to the regions that has only two different entries in
their hyperplane coordinates, i.e., only if one pairwise comparison yields opposite results. Accordingly, neighboring regions
have commorid 1)-dimensional faces in between.

We provide a standard graph regularizer without using volume weighting here to give a better intuition about graph
regularizers and why we used volume weighting in Section 4. We start by de ning following weight matfik

W il;Jjnif =kM. M.k b (17)
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which is the inverse of the Hamming distance between nbdeslj . Accordingly, we can write following graph Laplacian
regularizer:
R = })@ X H ,-ZWp_nif
- IPi pJ J i;j
i=1 j=1

X pipiDpnif XX pipjwpnif: pTDunifp pTW unifp — pTLunifp.

iji ij y
i=1 i=1 j=1

) P ) ) ) ) )
whereD " =~ ) W ", D = 0 wheni 6 j andL'" = D" W “"". Now, suppose that the spectral decomposition
of LU"f can be written a& U =~ |_ ;v;v; wherev;'s are eigenvectors and's are the corresponding eigenvalues.
We now further elaborate on spectral properties of Laplacian matrices and use following Lemma.

Lemma B.4. Graph Laplacian matrices are positive semi-de nite by the Gershgorin circle theorem. Furthermore, the
eigenvectors of the Laplacian matii¥™f corresponding to zero eigenvalues are spanned byhich is referred to as
constant vectors in (Poignard et al., 2018).

Then, we can rewrite Laplacian regularizer in (4) as

X X

pTATLAp = pT  ATviviAp = i(pT(ATV)%

i=1 i=1
whereA is a diagonal matrix with the entrigs;; = il andP A =1. Laplacian regularizet = AT LUfA penalizes
p so that potentigb values correlated to vectoss” v;'s are diminished. We can rephrase it as follows: regularizer penalizes
p so that potentiah *p values correlated to eigenvectarss are diminished. Therefore;'s corresponding to larger
eigenvalues cause more penalty. From Lemma B.4, it follows that Laplacian mataresponding to zero eigenvalues are
spanned byA 1. In (Poignard et al., 2018), authors also point out that the multiplicity of the eigenvalue is equal to the
number of connected components in the graph, which is clearly 1 in our graph structure indddedibge the regions
in H(T) are connected. We note that the eigenvectois“8f are mutually orthogonal by spectral theory. We observe
that orthogonal eigenvectors of honzero eigenvalues would force the candidate of the gototlmasimilar to uniform
distribution by punishing possible directions other tHafdowever, we note that regions (S, ) are not similar to an
equally spaced grid. Therefore, we use a weighted version of the regularizer in (4) with respect to the volumes of the regions
in H(T) instead ofL " and punish possible directions other than1.

In short, the regularizer in equati¢#) encourages the changes in nearby regions to be smooth, which is similar to the
local invariance property considered in (Belkin & Niyogi, 2001; Cai et al., 2011; Hadsell et al., 2006). Weighted Laplacian
regularizeiL imposes a penalty gm in such a way that potential values correlated with eigenvectdrsavé diminished.
Therefore, eigenvectors corresponding to larger eigenvalues cause more penalty. Since the eigenkeatennofually
orthogonal by spectral theorem. So, we conclude that orthogonal eigenvectors of nonzero eigenvalues force the potential
solution to be close to the distributionby diminishing possible directions other thanwhere™ is the normalized .

B.7. Proof of Theorem 4.2
We rst show that the solution to the convex optimization problem in (6) is uniquef [jg} be the objective function
1jiMp  @ji3+ 5pTLp. If we can guarantee that
f

gzzzmTM +2 L O (18)
we deduce that solution to the convex optimization problem in (6) is unique. Therefore, we rst focus onlmdtrom
Lemma B.4, null space df'"" is spanned byt. SinceA is a full rank matrix, null space df = ATLYA is spanned
by A 1. All entries of A 11 are nonnegative sing® ! is a diagonal matrix with nonnegative entries. Now, we have
following

MTM 0
L O
MTM + L O
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If ker(M TM) 6 ker(L), we can guaranteetht "M + L 0. MTM is already positive semide nite andl 11
cannot be an eigenvector fir T M, since all nonzero entries M " M have same sign. Therefold,"M + L is always
positive de nite.

Now, we recallthaR™R = M TM + L and note that multiplication of each element in the unit simplex with m&rix
de nes following closed convex set,

Cr = con(Re;Rez 1 Rejy (1))):
Then, the unique solutiofy (1 to the optimization setting in (6) can be expressed as
Pu(ry = R Proj (b); (19)
whereb = R TMTMp . Therefore,
RPu(r) = Proi, (R "TMTQ):
We start with bounding, norm error and write

Kbty Pumke k R 'kokRPu(t) Rpy ke
KR 'kokRp 1y Proi, (R "M Ta)k;

k R 'kokRp 1y R TMTaky (20)

k R kao(kRpyy(ry R TMTMp (21)
+ R TMTMp ) R TMTaky)

k R ka(kRpyry R TMTMp ke (22)
+ kR TMT(Mp g1y Q)ka)

k R Yko(k R TLpy(ryke+ kR TMT(Mp 1) Q)k2) (23)

k R 'KE( KL(Pyry Tka+ kM Tkokg”  kz) (24)

k R *K3( kLkakp® ~k, + kM Tkokq?  gko); (25)

where (20) is due to contracting property of projection onto closed convex sets, (23) is beichse= RTR L, and
(24) follows fromMp E(T) = g”andL— =0. Then, by using: > norm inequality, we can simply write following
inequalities

p Ty 1 7=
1. . H(T)j.. ..
TV(P{(ryi Psol) = SUPH(T)  Psoll1 %JIPH(T) Psolll2
Sl
%kR ko( kLkzkp?  ~k,

+ kM Tkokg”  akp)
[
= JH(T)KR kokLkokp® Kk,

WkR lkszTkqu? ka
,2p jH(T)kR ‘kokLkokp? Tk,

JH(T)jjT] KR

2 lksz Tkgkq? QK;L:

Lastly, we apply Lemma B.1 fdtq? gk, and complete the proof.
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C. Simulations and Experimental Results
We present simulation results with a mixture of three Gaussians here and defer the rest to Appendix D.

1D Simulations: Figure(3) shows the relationship between the number of hyperplanesnd the error in recovered mass

the error, by varying, 2 f 107; 10%; 10%; 10Pg. As shown in our analysis, the recovery gets better as the number of users
increases. Note that as the number of pairs, (equivalently, the number of hyperplanes) increase, size of theplength of
increases, and hence we expect an increase in the TV.

Figure 3.TV(p}, (ry:Pr(ry) and Wi (p7 (15 Pr (7)) for mixture of 3 Gaussians in 1D.

Colors dataset Colors dataset (Palmer & Schloss, 2010; Palmer et al., 2013) consists of answers to pairwise queries
from 48 different users an@7 colors, where each person was asked 3§II pairwise comparisons. In this dataset, each
color is considered as a 3-dimensional vector in CIELAB color space (lightness, red vs. green, blue vs. yellow). For our
experiment, we use the 1D user embedding of the colors dataset learned from (Canal et al.). We then project the CIELAB
color space onto this 1D user embedding space. We consider a subset 6fcolors sampled from this space and use all

Figure 4.(a) TV(p;, (1> Pr (1)) by varying number of people, (Im), (ty andpy (r) for Colors dataset.

10 pairs for comparison. Then, we uniformly samplé?; 10%; 10*; 10°g users from al48 user preference points learned

from (Canal et al.) with replacement for each pair to estimatery and formTV(p?H 1) P (1)) as shown in Figuré4)(a).
Figure(4)(b) shows the true distribution of people (computed using making multiple queries to each user on a separate user
set) and the distribution recovered using our method.

Simulations ford  2: Figure(5) shows the relationship between the number of hyperplamesnd the error in recovered
mass in the partitions! (T ), as well as between the number of people asked per qugrgnd the error fod = 2. We use

= 1 here and defer results with varying regularization parameterAppendix D. Additionally, we provide simulation
results usind; - andl,-norm regularizations and the maximum likelihood estimate (KL) as baselines (R&(ch. We
defer more detailed results to Appendix D. Figuf@ga) and (b) show the relationship between the feature dimeasaoral
the error in recovered mass in the partiti¢h€T ).
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Figure 5.TV(p}, (ry:Pr(ry) and W (ph 1y Pr (7)) for mixture of 3 Gaussians in 2D

Figure 6.(2) TV(PY (1) Pr(1))» () Wa(Pfi(1); Pr (r)) for mixture of 3 Gaussians with varyings (c) We(p{ (ry; Pr (r)) for
different objective functions with varying,.

Bounds on the Mass: We generate the true underlying preferences from a mixture of 3 Gaussians
in 2D. We query fors pairs of items
and10; 000 users per pair. Figurg)
shows the upper and lower bounds on
the mass in each of the regions in the
intersection of thé hyperplanes using
equations in Proposition 4. We also
show the true mass induced by the un-
derlying distribution in these regions
which highlights the ef cacy of our
bounds.

Figure 7.Lower and upper bounds with the true underlying distribution, a mixture of 3

Zappos: UT Zappos50K (Yu & Grau-  g4ssians.

man, 2014; 2017) is a large dataset

with 50; 025 catalog images of shoes in different categories, such as shoes, sandals, slippers, and boots. We manu-
ally pick ve shoes from this dataset and collect responses from 6000 Amazon Mechanical Turk (AMT) workers for each
possible pairwise query. With a subset of workers' answers to each possible pairs, we qsﬁr(qgltand use the remaining

workers to answer pairwise comparison queries using only one response per worker to gstWatdefer details of the

setting to Appendix D. Figures 8(a) and (b) show the results of our experiments on this dataset.

Movies: We create a new dataset comprisih@66 movies from different countries, produced between 2013 and 2022,
inclusive. Each movie is associated with its plot and info scrapped from Wikipedia (Wikipedia, 2023). We utilize OpenAl's
text-embedding-ada-00Rodel (OpenAl, 2023) to generate an embedding for each movie. Then, we train a regression
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neural network, where the target is each movie's average IMDB rating (IMDB, 2023). We use the output of the penultimate
layer from the network as an intermediate embedding, which has 100 dimensions. Lastly, we reduce it to 2D using PaCMAP
(Wang et al., 2021a). In the subsequent experiment, we consider the 2D embedding as the coordinates for the movies. We
scrape the ratings of reviewers, both critics and audience, from Rotten Tomatoes (Tomatoes, 2023), and use these ratings to
create answers to pairwise comparison queries. We run our experiment on a set of 13 DC Comics superhero movies. We
consider 9 pairwise comparisons questions and assign each pair to 50 reviewers. Our results are presented in Figures 8(c)
and (d).

Figure 8.(a) p}, (t) andpy () for Zappos dataset. (b) Estimated upper and lower bounqﬁ,fp,r) in Zappos dataset. (@ (t) in
movies dataset. (d) Estimated upper and lower bound8{ef ) in movies dataset.

D. Additional Simulations and Experimental Results with Details

D.1. Simulations ford = 1

We provide simulation results for following group of user distributions: uniform, Gaussian, a mixture of 2 Gaussians, and a
mixture of 3 Gaussians. We also present simulations results for varying amount of noises in both noise models.

Figure 9-12 show the relationship between the number of hyperplapeand the error in recovered mass in the partitions
np 2 f 107; 10°%; 10%; 10°g, under the 4 user distributions and different noises. As it can be seen in our analysis, the recovery

gets better as the number of users increases. Note that as the number of pairs, (equivalently, the number of hyperplanes)
increase, size gf increases, and hence we expect an increase in the TV.

Figure 9.TV(p}, () Pr(T)) and Wi (P (1) P (7)) for uniform user distribution in 1D.
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Figure 10.TV(p}, (1) P (r)) and Wi (p7 () Pr (1)) for Gaussian user distribution in 1D.

Figure 11.TV(p}, )P (ry) and Wi (P}, (1)1 PH (7)) for a mixture of 2 Gaussians user distribution in 1D.

D.2. Construction ofM in dimensionsd 2

Unlike 1D, algorithmic construction of binary mati is not straightforward in dimensioms 2. We need to gure out

which polytopes, i.e., regions, are on the left side of a given hyperplane. We recall that these polytopes are de ned by the
halfspaces induced by the bisecting hyperplanes of item pairs in

Hence, our problem can be formally described as follows: Given a set of halfslﬁacesfaﬁ Xx+h <O0:hj =
aj x + by =0;i<]j g, wherehj is the bisecting hyperplanes of pii;x;) 2 T , we wantto nd all polytopes irH (T)
that are in the halfspadwe, for eachhs 2 Hs. To make our life easier, we de ne a bounding Hoxl; 1]%, so that we can
only look at the polytopes within this box and avoid unbounded polytopes. For simplicity, we use the[agctdy; ] to
represent a halfspace.

Let Bs denote the set of halfspaces that de nes the bounding bax1]. Let P; denote the set of polytopes that we have
discovered. LeH? denote the set of halfspaces we have not explored yet. Our algorithm works as follows:
P, f Bsg
for hs 2 Hs nHS do
for p; 2 P; do
if hg intersects withp; then
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Figure 12.TV(p}, (t):Pr()) and Wi(p4 (1)s Pu (1)) for a mixture of 3 Gaussians user distribution in 1D.

p. P lf hsg
pi pe[f hsg
Pt Penp
P. P [f piipig
end if
end for
end for

To check ifhs intersects withp;, we rst assume thahs splits p; into two polytopes, namelypl := p [f hsg and

pl = p [f hsg If p} orp} degenerate, then the assumption does not hold and thergfoees not intersect witpy . To

verify if pl or pf degenerate, we check if they have a Chebyshev center, which can be found by solving the following linear
program twice:

max r
yir

subjectto aly + jjajir b; 8 2 [ipj +1]

where[a; h]is thei" halfspace irp}(or p{) andy is the Chebyshev center (when solved). If the two linear programs
have (bounded) solutions agds in p;, we can say that} andp have Chebyshev centers and therefayéntersects with

p;. Otherwise, we can conclude that does not intersect with;. To determine the position of any polytope with respect to
hyperlanes (halfspaces), we check whether the Chebyshev center of that polytope is on the left or right of the hyperplane (is
in the halfspace).

D.3. Simulations ford 2

We rst present the results with varying regularization parametdfigure 13 and 14 present the behavior of TV and

W under the 4 user distributions while we varywhenn, = 10,000, m =5, ny = 10, andd = 2. No noise model is
introduced in this set of simulation. 4 different colored lines in Figures refer to the 4 different objective we used. Least
Square + Graph means that the objective is least square with graph regularization; Least Square + L1 means that the objective
is least square withy regularization; Least Square + L2 means that the objective is least square watjularization, and

KL means that the objective is the KL divergenceddrom Mp , Dk, (§; Mp ), where the solution is maximum likelihood
estimate.

We also present the behavior of TV awd; when we use a different formulation of the optimization problem, where
we use the regularization term in the original optimization objective as the sole objective, ajjitMpise §jj3 "
(DkL (6;Mp) ") as an additional constraint. We $et 10 ° in simulation. Figure 15 and 16 present the results with
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Figure 13TV(p}, 1y Pr (1)) for (a) uniform (b) Gaussian (c) mixture of 2 Gaussians (d) mixture of 3 Gaussians user distribution while
varying the regularization parameter

Figure 14 Ws(p}, (1) P (1)) for (a) uniform (b) Gaussian (c) mixture of 2 Gaussians (d) mixture of 3 Gaussians user distribution while
varying the regularization parameter

the new formulation of the optimization problem under the same setting as above.

Figure 15TV(p;, (my: Pr (1)) for (a) uniform (b) Gaussian (c) mixture of 2 Gaussians (d) mixture of 3 Gaussians user distribution while
varying the regularization parameter
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Figure 16 Ws(p, (1) P (1)) for (a) uniform (b) Gaussian (c) mixture of 2 Gaussians (d) mixture of 3 Gaussians user distribution while
varying the regularization parameter

In the subsequent simulation, we x= 1. We now provide simulation results for following group of users distributions:
uniform, Gaussian, a mixture of 2 Gaussians, and a mixture of 3 Gaussians. We also present simulations results for varying
amount of noises in both noise models. Figure 17-20 show the relationship between the number of hyparplandshe

error in recovered mass in the partitiad$T ), as well as between the number of people asked per qugrgnd the error

for d = 2, with the 4 user distributions and different noise models.

Figure 17.TV(p}, (ty:Pr(ry) and W (ph 1y Pr (7)) for uniform user distribution in 2D.
Additionally, Figure 21- 24 show the relationship between the feature dimedsiod the error in recovered mass in the
partitionsH (T ).

Lastly, Figure 25- 28 provide simulation results in term&\f using all optimization methods while varying the number of
people per paimp, under all 4 user distributions,= 2, n, = 5, with no noise model introduced.
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Figure 18.TV(p}, (ty:Pu(ry) and W (pi (1) Pr (1)) for Gaussian user distribution in 2D.

Figure 19.TV(p}, )y Pu(r)) and W (ph (1) P (1)) for a mixture of 2 Gaussian user distribution in 2D.

Figure 20.TV(p}, (1):Pu(r)) and W6 (pj (1)>Pr (1)) for a mixture of 3 Gaussian user distribution in 2D.



Learning Populations of Preferences via Pairwise Comparison Queries

Figure 21.TV(p}, ) Pu(ry) and Ws(p7, (73 PH (7)) for uniform user distribution in 2D with varyind.

Figure 22.TV(p}, (ry:Pu(r)y) and W5 (P (t): Pu (1)) for Gaussian user distribution in 2D with varyidg

Figure 23.TV(p}, (ty:Pu()) and Ws(py (1)> P (1)) for a mixture of 2 Gaussian user distribution in 2D with varyihg
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Figure 24.TV(p}, (1) PH(T)y) and W5 (P, (7> Pu ()) for a mixture of 3 Gaussian user distribution in 2D with varyihg

Figure 25.Ws(p}, (7> Pw (ry) for uniform user distribution in 2D with varying, using all optimization methods.

Figure 26.Ws(p}, (1) P (1)) for Gaussian user distribution in 2D with varying using all optimization methods.
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Figure 27.Ws(p{, (1> Pw (1)) for a mixture of 2 Gaussian user distribution in 2D with varyimgusing all optimization methods.

Figure 28.Ws(p, (1) P (1)) for a mixture of 3 Gaussian user distribution in 2D with varymgusing all optimization methods.

D.4. Zappos

The Zappos dataset (UT Zappos50K) (Yu & Grauman, 2014; 2017) comprises 4 major categories of shoes: Boots, Sandals,
Shoes, and Slippers. Each major category includes several minor categories. For instance, within the Boots category, you
can nd Ankle, Knee High, Mid-Calf, Over the Knee, and Prewalker Boots. Table 1 shows the major and minor categories

in the Zappos dataset.

Major Category Minor Category
Ankle, Knee High, Mid-Calf, Over the Knee, Prewalker
Boots
Boots
Sandals Athletic, Flat, Heel
Boat Shoes, Clogs and Mules, Crib Shoes, Firstwalker,
Shoes Flats, Heels, Loafers, Oxfords, Prewalker, Sneakers|and
Atheletic Shoes
Slippers Boot, Slipper Flats, Slipper Heels

Table 1.Major and minor categories in the Zappos dataset.

Data Preprocessing: We consider minor category, that has a cardinality of 21, as the label space. To ensure that all the
images have the same dimension, we use the Zappos image square dataset. Then, we resii8%hedB® Lastly, we

convert the images into grey scale.

We train a modi ed VGG11 convolutional neural network (Simonyan & Zisserman, 2014) on the Zappos dataset. VGG11 is
intended to be trained on ImageNet (Deng et al., 2009), which has 1000 classes. We modify the last layer of the network so
that it works with 21 classes. We insert a new layer as the penultimate layer of the network. This is because the original
penultimate layer has an output of dimension 4096, which is too large. By reducing it to 512, we can employ the output of
this penultimate layer as the embedding for the Zappos dataset.
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Training: We useB0%of the dataset as the training set and the rest as the test set, both with a batch size of 64. We use SGD
optimizer with learning rate 0.01, momentum 0.9, and weight decay 0.0005. After 12 epochs, we achieve a train accuracy of
94:05%and a test accuracy 86:81% To generate an embedding for the Zappos dataset, we feed the entire dataset into the
trained network and extract the output from the penultimate layer, resulting in a matrix of dimes8@s& 512 We use
PaCMAP (Wang et al., 2021b) with default parameters to obtain the 2D embedding of shoes as shown in Figure 29.

Figure 29.2D embedding of the 5 shoes obtained using penultimate layer of modi ed VGG11 and PaCMAP. Each color represents a
minor category. 5 shoes we used for experiments are also located.

Data Collection via Crowdsourcing: We pick 5 shoes as our query item set (30).

Figure 31 shows the instructions provided and the interface for answering pairwise comparison queries.
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Figure 30.The 5 shoes we pick for pairwise comparison task on Amazon Mechanical Turk.

Figure 31.Amazon Mechanical Turk Task interface

We posted this task on Amazon Mechanical Turk (AMT) (MTurk). Each tasklBamirwise comparison queries (10 pairs
and 5 repeats). The median time taken per query is argitidd and for the task (15 pair comparisons) isA7s. Each
worker is paidl5 cents per task. This is roughly $7 per hour. We did not restrict the task to master workers. The task was
open to all those who had at le&fI0HITs approved an@5%approval rate.

We rst bootstrapl0% 20%; 30%; 40%; 50% of all workers, repeating the process 100 times for each percentage. Then, we
use answers to all possible queries from these workers to estimate the true mags wvBhandn,, = 10. We create a

global bin (initialized to 0) whose size equals to the number of regions formed by the hyperplanes. Each worker has its own
local bin (initialized to 0) that has the same size as the global bin. For each pairwise comparison query, the worker can only
be on one side of the corresponding hyperplane. Consider all polytopes on the side of the hyperplane related to worker's
answer. We increase the corresponding entries of these polytopes in the bin by 1. After we examine all queries, a set of
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entries has the maximum value among all entries in the bin. Ideally, this set has a cardinality of 1. However, due to noises
and worker's inconsistency, it is possible for the cardinality to be greater than 1. We increase the corresponding entries of

this set in the global bin bgmet After we examine all workers we bootstrapped, we normalize the global bin and
obtain a probability vector, which is our estimate of e

Figure 32 and 33 illustrate the’ we estimated via bootstrapping. It can be seen that the true distritpititmat we
estimated is stable across different bootstrap settings.

Figure 32.p” obtained via bootstrap (a) 10% (b) 20% (c) 30% (d) 40% (e) 50% of all crowdworkers rvherb .

Figure 33.p” obtained via bootstrap (a) 10% (b) 20% (c) 30% (d) 40% (e) 50% of all crowdworkers mherb .
We also preserfi that we obtain via our method. We rst use 20% of crowdworkers to estimatd hen, use the remaining
80% of crowdworkers to answer the pairwise comparisons and estimaing our method. We shuf e the remaining
80% of crowdworkers 100 times to obtain 100 differrand hence 100 differefit. We repeat the above process 5 times
(each time with different 20% of crowdworkers to estimatg for bothn, =5 andn;, = 10. The results are presented in
Figure 34 and 35. The bounds fof are presented in Figure 36 and 37 fgr=5 andn, = 10, respectively.

Figure 34p” obtained using 20% of crowdworkers aficbbtained using the remaining 80% of the crowdworkers 100 times. Each of the
(a)-(e) uses different set of 20% of all crowdworkers to obinwhenn, = 5.

Figure 38 shows the TV and/ betweerp? andp while we varyn,, from 1 to 10.
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Figure 35p” obtained using 20% of crowdworkers afibbtained using the remaining 80% of the crowdworkers 100 times. Each of the
(a)-(e) uses different set of 20% of all crowdworkers to obpinwhenny, = 10.

Figure 36.Upper and lower bound fqs” whenny, = 5.

Figure 37.Upper and lower bound fqu® whenn;, = 10.

Figure 38.TV andW¢ when we varyny, .

Lastly, Figure 39-48 illustrate the polytopes formed by the hyperplanes as wellasdp while we varyny, from 1 to 10.
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Figure 39(a) p” andp recovered by our algorithm whem, = 1. (b) regions formed byt hyperplane. The numbers in each region
corresponds to the region ID.

Figure 40(a)p? andp recovered by our algorithm whem, = 2. (b) regions formed by th2 hyperplanes. The numbers in each region
corresponds to the region ID.
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Figure 41(a)p? andp recovered by our algorithm whem, = 3. (b) regions formed by th& hyperplanes. The numbers in each region
corresponds to the region ID.

Figure 42(a)p? andp recovered by our algorithm whem, = 4. (b) regions formed by thé hyperplanes. The numbers in each region
corresponds to the region ID.



